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Predicate Logic ( 18132248 )

- — 1 1.2 First Order Logic —

Step 1. Convert it into
first logic formula.




A Quick Recap - Propositional Logic

« (Connectives
 Truth table
e SAT

« DPLL



Outline — This Lecture

» Basic Concept
* Deduction

e SMT Solver



Outline — This Lecture

» Basic Concept



Propositional Logic This is complicated ]

void f(bool a, bool b)
{ formula{X1 = [00...01]}A
unsigned x, y; -
if (3) formula{ X2 = [00...00] }A
X =1; formula{Y 4 = [00...01]} A
else
X = 0 ‘ formula{Y5 = [00...00] } A
O Mio..s1 (X3; ¢ (AA XLV (RA A X2)A
else Ni=o,..31 (Y6; <> (BAY4;) V (=BAYS;)) —
y = 0; o
assert(x +y > 0); formula{ X3+ Y6 > 0}
} /\

[ How to simplify it? ]




Predicate ( 1814 )

-

\

DEFINITION

Predicates describe properties of individuals (M4i#]) .
The range of individuals is domain of discourse (i) .

T

7 | " | @\l/’bduats]

/ 3 STRONGER(Tom, Jerry)
B r —\ N
We Use upper-case worels to
represent predicates.
g J




Predicate ( 1814 )

-

Predicates describe properties of individuals (M4i#]) .

DEFINITION 2

The range of individuals is domain of discours/”

Tom andl Jerry are

(AR T

tndividual constants.

J

STRONGER(Tom, Jerry)

( , )
STRONGER is a predicate

constant. IR E D)

. J




Predicate ( 1814 )

|

NOTE

Each predicate maps individuals to T or F.

r

N
STRONGER maps Tom anol

Jerry to T or F.

J

~_|

STRONGER(Tom, Jerry)



Predicate ( 1814 )

s NOTE
Each predicate has an associated arity, a natural number indicating

how many arguments it takes.
.

STRONGER(Tom, Jerry)
/\

STRONGER takes two
AYQUIMELINLS.




Predicate ( 1§14 )

. NOTE

Each predicate has an associated arity, a natural number indicating

how many arguments it takes.
.

P(ZEl,...,ZCn) 7:5

r—w{rﬁ\pmdicate A Equality is a special
O aiib . predicate of arity 2.




Predicate ( 1§13 )

P(lel, cens ZEn)

N\

\_

[t Ls not a pmpositiow. Because PLs a preol’wate
variable GBIRIZRIN) and xs are individual

variables (MEZETN) . itis a propos’uciow owLH
whew theg are all constants.

/




Predicate ( 1§13 )

formula{X1 = [00...01]}A rl = 1A

formula{X2 = [00...00] } A 2 = 0N

formula{Y 4 = [00...01]}A yd = 1A

formula{Y5 = [00...00] } A ‘ yH = OA

Ni=o...31 (X3; < (AN X1,)V (mAANX2))A Ni=o...31 (23; = (a A xl;) V (ma A 22;))A\
Ni=o,..31 (Y6; <> (BAY4) V (mBAYS;)) — Ni=o,...31 (¥6; = (b A y4;) V (—b A ybi)) —
formula{X3+ Y6 > 0} formula{x3 + y6 > 0}

_—— \

[ After introducing predicates ]




Predicate ( 1§13 )

formula{ X1 = [00...01] } A rl = 1A
formula{X2 = [00...00] } A 2 = 0N
formula{Y 4 = [00...01]}A yd = 1A
formula{Y5 = [00...00] } A ‘ yH = OA
Ni=o...31 (X3; < (AN X1,)V (mAANX2))A Ni=o...31 (23; = (a AN xl;) V (—a A 22;))A\
Ni—o...31 (Y6; <> (BAY4,)V (mBAYH;)) — Ni=o....31 (Y6; = (bAyd;) V (=bAy5;)) —

formula{X3+ Y6 > 0}




Function ( E&${ )
’ DEFINITION \

A function maps individuals to an individual instead of T or F.

Functions are represented by lower-case words.

M’ww/with one ar@umew’c]

best friend(SpongeBob) = PatrickStar

[ preolic/am




Function ( E&${ )
’ DEFINITION \

A function maps individuals to an individual instead of T or F.

Functions are represented by lower-case words.

[ Not a proposition ]
\/
|bestfriend(5p0ngeBOb) |: PatrickStar




Function ( E&${ )
’ DEFINITION \

A function maps individuals to an individual instead of T or F.

Functions are represented by lower-case words.

@POSMOW ]

|bestfriend(5p0ngeBOb) = PatrickStar |




Function ( E&${ )

When working in predicate logic, be careful to keep individuals
(actual things) and propositions (true or false) separate.

best friend(SpongeBob) 2, PatrickStar

Dot Use conmectives to |
assoctote tndividuals.

A\

not(T) = F

Functlons cannot apemte A
O proposi,ti,o NS.

.




The Type-Checking Table

arguments results

connectives propositions a proposition
predicates individuals  a proposition
functions iIndividuals  an individual




Examples N

Predicate Logic s an expansion
of propositional Logic.

J

Propositional logic
« Equality: no
* Predicates: P, Q, R, ...
* Functions: no

Vd V4 V4 N
Propositional varin bles cawn be
treated as vaLLarH preoli,cates.

Number theory
« Equality: yes
* Predicates: >, <, ...
* Functions: +, -, ...

J




Function ( E&${ )

xl = 1A
x2 = 0N
yd = 1A
yd = OA

/\2':0 ..... 31 (583 — (CL N xl; ) (ﬁCL A\ 3321))/\
Ni=o,...,31 (Y6; = (b A yd;) V (mb A yb;)) —

.....

formula{x?) + y6 > 0}

(Xe: a?xL:x2
xl = 1A
x2 = 0N
y4d = 1A
) y5 = OA

x3 = ite(a,x1, x2)A
y6 = ite(b, y4,y5) —
sum(x3,y6) > 0



Function ( ER% )

xl = 1A xl = 1A

x2 = OA x2 = 0OA

y4d = 1A yd = 1A

y5 = OA ) y5 = OA

Ni=o....31 (23; = (a AN xl;) V (ma A 22;))A\ 3 = ite(a, 1, x2)A\
Ni=o,...31 (¥6; = (b A y4i) V (b A ybi)) — y6 = ite(b, y4,y5) —
formula{af?) + 46 > 0} sum(x3,y6) > 0

N

[We reserve logical connectives. J




Function ( ER% )

4 There are some tnaividual )

zl = 1A vartables. it s not a real
29 — OA proposition. But we cannot
yd = 1A 4\ replace them with constants. y

yd = OA

x3 = ite(a,x1, x2)A
y6 = ite(b, y4,y5) —
sum(x3,y6) > 0

p
How to express “for all
Lntegers”?




Quantifier ( £17] )
; DEFINITION \

A quantifier turns a formula about individuals having some property into

a formula about the number (quantity) of individuals having the property.
. J
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The Universal Quantifier ( Z#RE15 )

-

DEFINITION

The universal quantifier expresses that a proposition can be satisfied
by every member of the domain of discourse, which is interpreted as

Cgiven any" or "for all".

~N

A(ALL toys look Like Jewg.]

(Vz)(LIKEJERRY (z))




The Universal Quantifier ( Z#RE15 )

-

DEFINITION

The universal quantifier expresses that a proposition can be satisfied
by every member of the domain of discourse, which is interpreted as

Cgiven any" or "for all".

~N

( , )
it is the scope (BEED of

the universal quantifier.
— y

(Vz)(LIKEJERRY (z))|




The Universal Quantifier ( Z#RE15 )

-

Cgiven any" or "for all".

by every member of the domain of discourse, which is interpreted as

DEFINITION ~

The universal quantifier expresses that a proposition can be satisfied

J

it is a bownd variable (Z1RARTG) .

.

r \
X 1s bounol bg the universal quantifier.

J

;
(z) (LIK EJERRY (z))




(Vz)(MOUSE(x))



The Universal Quantifier ( Z#f£1d )

(Vo)(MOUSE(z)) (FALSE

—



The Universal Quantifier ( Z¥R£15 )

Domain is empty.

(V2)(MOUSE() [TRULE]




The Existential Quantifier ( FE =14 )

- DEFINITION ~N
The existential quantifier expresses that a proposition can be satisfied

by some member of the domain of discourse, which is interpreted as

Cthere exists", "there is at least one", or "for some". y

A[There exists a reaUerrg}

(3z)(ISJERRY ()




The Existential Quantifier ( F1&

il

(3z)(ELEPHANT (z))



The Existential Quantifier ( F&E 213 )

(32)(ELEPHANT(2)) [ TRUE]




The Existential Quantifier ( FE =14 )

Domain is empty.

(32)(ELEPHANT (x)) ( FALSE |



Quantifier ( £17] )

-
The blue rectanogle is the

scope of “exists x”.

N

\/
(Fz)(Vy)z < y))

f

X anol Yy are all
bound variables.

.

The red rectangle is the
scope of “for all Yy”.

N




Quantifier ( £17] )

r

.

N
Generally, we don't

use repeates names.

—

f Vd
The flrst x is a
bouwnd variable.

\_

r

The red rectangle Ls

~

the scope of “exists x”.

J

(HHZJ) .

\_

~

The second x s a free variable

[t s not
bounsl b@ any quantifiers.

J




Quantifier ( £17] )

Proposition should not include free variables

There are two ways to eliminate free variables
* Replace free variables with constants
» Use quantifiers to convert free variables to bound variables

We can change the name of bound variables (%57t 5 4 )

(Vy)(LIKEJERRY (v)) = (Va)(LIKEJERRY (z))



Quantifier ( £17] )

e
1)
2)
3)
4)
8)
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(Vy)P(z,y))
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Quantifier ( 213 )

To understand quantifiers better,
we can discuss quantifiers with
finite domain of discourse.



Quantifier ( £17] )

Assuming that domain include k elements {1, 2, ..., k}.

Then



Exercise

Now the domain is {1, 2}.

-
Can You convert these

expressions to be quantifier-free
.

A‘:;l\‘
A
? R 4
. Ay
4 /?




N R R
Lo < >

- - 1./ 2.;
™ N~
Wl\ Wl\ AURINAE

Quantifier ( £17] )
)
)
)
)

S A‘};l\.‘
N
L2 i
Y- |
p AA)
/ =
g /,)

(The conversion can help u
unoerstang some
_ Lmportant properties.




Quantifier ( £17] )

[ The two different quantifiers
cannot be swapped. But what
the relatlon between them?




Quantifier ( £17] )

N— e N N N N

(3x)(Vy)P(z,y) = (Vy)(Iz)P(z,y)



Quantifier ( £17] )

xl = 1A (Val)(Va2)(Vyd)(Vx3) (Vy5) (Vy6)(Va)(Vh)(
x2 = 0N zl =1/
yd = 1A x2 = 0N
y4d = 1A
5 = 0A ‘
Y yd = OA
x3 = ite(a,xl, x2)A 13 = ite(a, 21, 22)A
y6 = ite(b, y4,y5) — y6 = ite(b, y4, y5) —
sum(z3,y6) > 0 P sum(z3,y6) > 0)

[Aﬁer Lntroducing quantifiers J




Thanks & Questions



